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A SUFFICIENT DISCONJUGACY CONDITION FOR 
THE THIRD ORDER DIFFERENTIAL EQUATION 
M A R T A GEROVA, Bra t i s lava 
A linear differential equation of the n-th order is said to be disconjugate 
on an interval J if every nontrivial solution of this equation has at most 
n-1 zeros (including multiplicity) on J. 
In this paper a sufficient condition for the disconjugacy of the differential 
equation 
(1) Lx -= x" + p(t)x" + q(t)x' + r(t)x = 0 
on J is established. This condition generalizes results of [1] and [2] dealing 
with the above — mentioned problem. 
Throughout the present paper the interval J denotes any interval at the 
number axis with the terminal points a and b, where -co <a < b < -f-oo. 
The coefficients p(t), q(t), r(t) are assumed to be locally integrable functions 
on the interval J. Furthermore the functions p(t), r(t) are bounded on the 
interval J and q(t) is bounded from above on J. (All inequalities are to be 
understood to hold almost everywhere on J.) 
Let 
1. h = b — a; 
2.\p(t)\^P, q(t)^Q, \r(t)\ ^ R for teJ, 
where P, Q, R are real numbers; 
t t P 
3. Eo(t) = e* — e± , E(t) = te* — e* — — + V, F(t) = e* — t — 1; 
4. C%(J) means the set of functions with the absolutely continuous m-th. 
derivative on J. 
Fv. M. M a t h s e n [1] has proved the following 
Theorem A. Let J — [a, b]. Let p(t), q(t), r(t) be continuous functions on 
the interval J, q(t) ^ 0 for t e J and P > 0, 
R 
—^ (h + l)E0(hP) ^ I. 
Then the differential equation (1) is disconjugate on the interval J. 
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L . K. J a c k s o n [2] has generalized this theorem in the following sense: 
Theorem B. Lel J = [a, b] and p(t), q(f), r(t) be continuous functions in the 
interval J and q(t) <; 0 for t e J. If P > 0 and 
P 
— hE0(hP) ^ 1, 
then the differential equation (1) is disconjugate on the interval J. 
The following quoted lemma will be used to prove an assertion generaliz-
ing Theorem B.. 
Lemma 1. Let J = [a, b] and let there be functions iv\(t), w2(t) belonging to 
C%(J) with the properties: 




Lu\ ^ 0, Lw2 ^ 0 for t e (a, b]. 
Then the differential equation Lx = 0 is disconjugate in the interval J ([3],. 
pp. 77, 80). 
Theorem 1. Let P > 0, Q ^ 0 and 
(2) ~E(hP)+^F(hP) ^ V 
Then the differential equation (1) is disconjugate in the interval J. 
Proof . Let j = [a, /?] be an arbitrary, fixed and compact subinterval of 
the interval J. Define the following functions 
1 1 
Sl(t) = —[ePib-t) _ e^(6-«)]H (t - a) 
1 1 
s2(t) = — [eP(b-a) _ eP(t-a)]-\ (t — b) 
in the interval J. 
I t is obvious that Si(a) = s2(b) = 0, si(t) < 0, s!2(t) < 0 if t e (a, b] and 
*2(0 > 0, s[(t) < 0 for t e [a, b). 
Put 
t t 




wi(t) > 0 in [a, b), w2(t) > 0 in (a, &]; 
1 
W[(t) = 8j(t)9 W'[(t) = - [I - C™-«>] < 0, W2(t) = *2(*), 
1 
w2(t) = — - [eP<*-«> — 1] ^ 0; 
M>;"(e) = erKb-t) _ i _ Pw\(t), w2(t) = - e
p«-«) = Pw2(t) - 1 
for t e J. 
Hence 
1 1 
w[(t) ^ si(b) = - —^F(hP), w2(t) ^ s2(a) = —F(hP) 
and 
a b 
wi(t) <; wi(a) = J si(r) dT, w2(0 ^ w2(b) = J S2(T) dT 
b a 
for £ e J. 
Since 
J 5i(T) dT = J S2(T) dT = P-*E(hP), 
b a 
we get 
W)(t) < P~*E(hP), w2(t) <; P~*E(hP) (teJ). 
From these relations and by the inequality (2), the estimates 
w"(t) = 1 - Pw'[(t) ^ RP~*E(hP) + QP-*F(hP) - p(t)w[(t) ^ 
^ RWx{t) _ Qw[(t) - p(t)w'[(t) ^ - r(t)wx(t) - q(t)w[(t) - p(t)w'[(t), 
w2(t) = — 1 + Pw2(t) ^ — RP~*E(hP) — QP~
2F(hP) - p(t)w"2(t) <, 
<: — Rw2(t) — Qw'2(t) — p(t)w"2(t) <; — r(t)iv2(t) — q(t)w2(t) — p(t)w'2(t) 
hold on J, i.e. Lwi ^ 0, Lw2 ^ 0 for t e J. Further, the properties of functions 




= wi(t)w2(t) — w[(t)w2(t) = Wi(t)s2(t) — si(t)w2(t) > 0 
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in [a, b] (w12(a) = wi{a)
mS2{a) > 0, w12(b) = — si(b)w2(b) > 0). 
We see that the functions w^t), w2(t) satisfy the assumptions of Lemma 1 
on the interval j . Then the differential equation Lx = 0 is disconjugate on j . 
Since the interval j is an arbitrary compact subinterval of J, the differential 
equation Lx = 0 is disconjugate on J. 




Then the differential equation (1) is disconjugate in the interval J. 
In view of T_1F/(r) <EQ(T) for T > 0, this corollary implies Theorem B. 
Theorem 1'. Let Q ^ 0 and 
(4) 
3 2 
+ PÄ ^ 1. 
Then the differential equation (I) is disconjugate on the interval J. 
Proof of this theorem is analogous to the proof of Theorem 1, however, 
instead of the functions w±(t)9 w2(t) defined in (3) we have to take the functions 
i 
(b-t) (Ь - o)-
(ò - ř)2 1 
(t — a) (b o ғ — 
(t aү 
respectively. 
Corollary. Let q(t) ^ 0 for t e J and 
h* 
R— <: 1. 
(tєJ), 
Then the differential equation 
x" + q(t)x' + r(t)x = 0 
is disconjugate on the interval J. 
R e m a r k 1. Let Q ^ 0, P > 0 and let the inequality (2) hold, then the 




i(i — 2)! P2 
(PҺ)i 
< 1, 
where n and m are arbitrary integers such that n ^ 3, m ^ 2. 
Especially, if n = 3 and m = 2 
J25G 
h* h* 
B— + Q— < 1 . 
3 2 
R e m a r k 2. Let Q ;> 0, P > 0 and let the ineqLiality (4) hold, then (2) 
is true. Hence Theorem 1' for P > 0 is a special case of Theorem 1. 
Further, we shall show that the condition (2) (with R = 0) secures the 
disconjugacy of the differential equation of the second order 
Ix == x" + p(t)x' + q(t)x = 0 
on the interval J . 
Lemma 2 [4]. Let there be a function w(t) G C\(J) such that w(t) > 0, Iw ^ 0 
for t e J — {a} or t e J — {b}. Then the differential equation of the second order 
lx = 0 is disconjugate on the interval J (see [3], too). 
Theorem 2. Let 
q(t) ^ Q, p(t) tk P (P(t) _ - P) for teJM, 
where P , Q are real numbers and let P > 0, 
Q 
—F(hP) < 1. 
Then the differential equation of the second order lx = 0 is disconjugate on the 
interval J. 
Proof . The following two cases are possible: Q > 0, or Q ^ 0, respecti-
vely. 
Consider the first case Q > 0 . 
Put 
1 1 
w(t) = — [e^-«> — eptt-»] — —(t — a) 
1 1 
w(t) = — [ep&-») — ep<*-«>] + — (t — b) 
for * e J , p(«) ^ P (p(t) ^ — P) in J . 
Hence we easily see that w(t) > 0 on J — {a} (w(t) > 0 on J — {6}) and 
Iw ^ 0 for t G J . 
If 0 S 0, put 
w(j) _ l , f e J . 
Then ll = q(t) ^ 0 in J . 
(1) In this Theorem the assumption of the boundedness from above (or from below) of 
p(t) on J is sufficient. 
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In both cases there is a function w(t) > 0 in J — {a}, or J — {b}, respecti­
vely such that Iw = 0 for t e J. Consequently, by means of Lemma 2 the 
differential equation Ix = 0 is disconjugate in the interval J. 
Corrollary. If p(t) = 0 ( = 0), q(t) = Q for t eJ, where Q is a real number 
and 
h* 
Q — = 1 , 
2 
then the differential equation of the second order Ix = 0 is disconjugate in the 
interval J. 
R e m a r k 3. If the hypotheses of Theorem 1 hold, then the hypotheses 
of Theorem 2 are satisfied too. Hence Theorem 1 may give a positive result 
only if the differential equation of the second order Ix = 0 is disconjugate 
on the interval J and 
Q 
— F(hP) < 1. 
REFERENCES 
[1] MATHSEN, R. M.: A disconjugacy condition for y" -f a2(x)y" -f ai(x)y' - - a0(x)y = 
= 0, Proc. Amer. Mаth. Soc. 17, 1966, 627-632. 
[2] JACKSON, L. K.: Subfunctions аnd Second-Order Ordinаry Differentiаl Inequаli-
ties. Advаnces Mаth. 2, 1968, 307 — 363. 
[3] ЛEBИH, A. Ю.: Heocциляция peшeний уpавиeния ж<w> + pift):^"-1) -f . . . + 
-f pn(t)x = 0. Уcпexи матeм. наук, T. XXIV, вып. 2 (146), 1969. 
[4] De lа VALLÉE-POUSSШ, CH. J.: Sur ľéquаtion differentielle linéаire du second 
ordre. Déterminаtion ďune intégrаle pаr deux vаleurs аssignées. Extension аux 
équаtions ďordre n, J. mаth. pures et аppl. (9) 8, 1929, 125—144. 
Received April 25, 1973 
Laboratórium výpočtovej techniky 
Pavilon matematiky 
Mlynská dolina 
816 31 Bratislava 
258 
